In this paper we study a non-equilibrium resonant tunnelling problem where a non-interacting quantum dot is connected to two leads, one being the edge of an interacting 2-D topological insulator (Luttinger liquid) and the other being a usual Fermi liquid. We show that the current passing through the system can be expressed in terms of a non-equilibrium local single-particle Green's function of the Luttinger liquid lead which can be analysed using standard bosonizationRenormalization Group (RG) technique. In particular, some exact results can be extracted in the small bias limit with repulsive electron-electron interaction. A simple formula which captures the qualitative feature of the I-V relation over whole temperature and voltage bias range is being proposed and studied.
Figure 1: The configuration
The discovery of topological insulators [1, 2] has generated much interests and activities in the condensed matter physics community. In the case of 2-D topological insulators (Quantum Spin-Hall systems), helical edge states respecting time-reversal symmetry [3] exist and provide an example of interacting Luttinger liquid which can be studied experimentally up to room temperature. The transport properties of interacting one-dimensional systems have been studied extensively in the literature [4] [5] [6] , especially after the discovery of edge states in fractional quantum hall (FQH) liquids [7] (chiral Luttinger liquids). For example, the problem of non-interacting quantum dot connected to leads of FQH edge states was studied by Chamon and Wen [8] , and later by Furusaki [9] at temperatures higher than the tunnelling strength.
The emergence of topological insulator makes these 1-D theoretical models realizable. In this paper we study a simple model of a non-interacting quantum dot connected to two leads, one being the edge of 2-D topological insulator with electron-electron interaction, the other being a normal Fermi liquid lead (Fig.1) . We show here that the non-linear I-V relation of the system can be expressed in terms of a non-equilibrium local single-particle Green's function of the topological insulator lead which can be analyzed in the limit of small voltage bias and low temperature using a conventional renormalization-group (RG) approach. A few exact results are extracted from the RG analysis and a simple formula which captures the qualitative feature of the I-V relation over whole temperature and voltage bias range is being proposed and studied in this paper.
We start with the model Hamiltonian H = H 01 + H 02 + H 0d + H T , where
and
are terms in the Hamiltonian describing the edge of a 2-D topological insulator (H 01 ) and the Fermi liquid lead (H 02 ), respectively.
is the Hamiltonian describing the quantum dot and
describes electron tunnelling between the dot and the leads. We note that since the propagation and spin directions of electrons in the topological insulator lead are tied together (helical edge), we can forget its spin suffix and the helical edges states of topological insulator behave like a spinless Luttinger Liquid [10, 11] .
H 01 can be transformed to a free boson system by standard bosonization technique [13] where the fermion correlation function
can be computed straightforwardly [14] . In bosonization theory a Luttinger liquid is usually characterized by the interaction strength parameter
which is a parameter we shall use frequently in the following.
The DC current I flowing from lead 1 to 2 in the above system can be expressed as [15] 
where I 2 is the current flowing from lead 2 to the quantum dot. Since lead 2 is noninteracting, we can eliminate the lead-2 electron operators through their equation of motion.
Following Ref. [15] we obtain after some straightforward algebra
where G R dd,σ (ε) and G < dd,σ (ε) are the Fourier Transform of the "retarded" and "less" components of the on-site (Keldysh) Green's function of the quantum dot,
, where t and t are time-ordered along a closed time contour from t = −∞ to t = ∞ and then back to t = −∞. ρ 2 (ε) and µ 2 are the density of states (which will be taken to be a constant later) and chemical potential of lead 2, respectively.
f (ε) is the Fermi-distribution function. Notice that the current is expressed solely in terms of a (non-equilibrium) local single-particle Green's function of the system. This result is possible because lead 2 is non-interacting.
To calculate G dd,σ we follow the Keldysh path integral formalism [12] . The action of the system is [16] 
where σ = ±1 and we have suppressed the propagation direction indices of the helical edge states for brevity. {ξ σ ,ξ σ } are external source fields introduced to generate G dd,σ (t, t ).
Integrating out the fermionic fields {c 2k,σ ,c 2k,σ } and {d σ ,d σ } we obtain
which is an effective action for lead-1 electrons only. g Dσ (t, t ) is the Green's function of the quantum dot evaluated under the "dot+lead 2" action with
, where Γ 1(2) = πρ 1(2) |T 1(2) | 2 is the tunnelling width from the dot to lead 1(2). G dd,σ (t, t ) can be obtained by taking functional derivatives of the generating functional with respect to the {ξ σ ,ξ σ } fields; we obtain
where
is the Green's function of lead-1 electrons evaluated at x = 0 according to the effective action (5) in the absence of the external source terms. Different Keldysh components of G dd,σ can be extracted from (7) using Langreth's sum rules [17] . Combining Eqs. (6) and (7), we obtain for the tunnelling current (3),
where the only unknown is the effective green's function g 1σef f (t, t ).
To evaluate g 1σef f (t, t ) we express it in the form of a standard Dyson's equation
where g 1σ (t, t ) is the Green's function of lead-1 electrons at x = 0 evaluated at T 1 = 0, and is the standard x = 0 Green's function of spinless Luttinger liquid with interaction strength K [13] . The self-energy term in (9) represents correction coming from the tunnelling term (last term in Eq. (5)). The tunnelling current (8) can be expressed in terms of the Fouriertransformed self-energy Σ σ,T (ω) as
}. (10) We observe that the tunnelling current is completely determined by the self-energy function Σ σ,T (ω). In the absence of electron-electron interaction Σ σ,T (ω) = Σ
σ,T (ω) = |T 1 | 2 g Dσ (ω) and our main job here is to understand how Σ
σ,T (ω) is renormalized by the electron-electron interaction.
In the following we shall study Σ σ,T in the small bias, low temperature limit T, |µ 1 −µ 2 | << Γ 1(2) using a standard bosonization-RG analysis [4] . In this limit we may keep only the longtime behavior of g Dσ (t) in Eq. (5) and forget about the more complicated intermediate time behaviors, i.e. we approximate and the scaling behavior of the self-energy in the present problem can be inferred from the corresponding direct tunnelling problem which has been analyzed using well-developed bosonization-RG technique. We obtain immediately
in this approximation, where K ef f = 2K/(1 + K) [9] . In particular for repulsive interaction (K < 1), T 1 (E → 0) → 0 and the self-energy scales to zero in the infrared regime, which makes perturbative RG applicable. In this case it is sufficient to approximate Σ σ,T ∼ Σ
with T 1 → T 1 (E). Physically, the vanishing of self-energy is an alternative way to express the well known result that the tunnelling between the Luttinger liquid lead and the Fermi liquid lead vanishes in the infrared limit [4, 9] . We emphasize here that the renormalization of T 1 is restricted only to the self-energy term and does not appear in other places in the current expression. With this approximation we obtain
where E = max{T, |ω−µ 1 |}. Eq. (12) is expected to be reliable in both the low temperature, small bias limit (T, |µ 1 −µ 2 |) << Γ 1 (2) and in the high temperature, large bias limit (T, |µ 1 − µ 2 |) ∼ E F where T 1 (E) → T 1 and the renormalization of T 1 becomes unimportant. We shall analyze the current using this approximate formula in the following.
To study the tunnelling characteristics, we define eV ≡ µ 2 − µ 1 and ε ≡ ε 0 − µ 1 and look at the differential conductance We also observe a resonance peak of differential conductance located around eV ∼ ε and the differential conductance at V = 0 is always zero as long as lead 1 is interacting. This is a character of Luttinger liquids which is very different for non-interacting electrons (K = 1), where dI dV | V →0 approaches a constant. Finally, when V is far away from the resonant point, the differential conductance falls as |V | ϑ−2×max{1,ϑ+2(1−K ef f )} .
To conclude, we have extended Meir-Wingreen's current formula to the case with one interacting lead in this paper, and have used it to calculate the tunnelling current from the edge of a 2D topological insulator through a quantum dot to a normal Fermi liquid lead. The formulation allows us to construct a current expression in terms of the self-energy of a local Green's function. The differential conductance in different temperature regimes is analyzed using perturbative RG in this paper, which is believed to be reliable when both temperature and voltage bias are much smaller than Γ 1 (2) and if the electron-electron interaction in lead 1 is repulsive. Based on the RG result, an approximate formula for the current qualitatively valid over whole temperature/volatge range is proposed. The formula reproduces results of earlier works at high temperature and produces exact results at low temperature for repulsive electron-electron interaction and small bias. For attractive interaction the scaling breaks down at low enough energy E suggesting that qualitatively new dI/dV behavior is expected at low energy. Our approach offers a new theoretical tool of analysing (nonequilibrium) DC transports which can be extended to other systems with both Luttinger and Fermi liquid leads.
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